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Course Overview

• Tentative Schedule
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# Topic Lab Assignment

1 Introduction 

2
Review: Python Basics, Signal & Systems #1, 2 #1

3

4
Digital Signals and Sampling #3

5

6
Analog & Digital Modulation #2

7

8 Midterm  Exam

9
Software-Defined Radio Env. Setup #3

10

11

Wireless Communication Experiments

(Spectrum Monitoring, Communication)

#4

#5

#6

12

13

14

15 Final Exam



Complex Numbers

• A number that describes two number!

𝑧 = 𝑥 + 𝑖𝑦 = 𝑟𝑒𝑖𝜃
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Complex Numbers

• A number that describes two number!

𝑧 = 𝑥 + 𝑖𝑦 = 𝑟𝑒𝑖𝜃

• Addition & Subtraction => Cartesian form 

• Multiplication & Division => Polar form (phasor)
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Multiplication Division

Absolute Value 
(Modulus)

Argument



Complex Numbers

• Prove following De Moivre’s Formula

cos 𝜃 + 𝑖 sin 𝜃 𝑛 = cos 𝑛𝜃 + 𝑖 sin 𝜃 

𝑒𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃 

𝑒𝑖𝜃 + 1 = 0
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Complex Numbers

• Euler’s Identity : Derivative Equation. (미분방정식)

𝑒𝑖𝜃 + 1 = 0

• Consider 
𝑑

𝑑𝑡
𝑒𝑡 = 𝑒𝑡

• Multiplication of  i => Rotation
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Complex Numbers

• Euler’s Identity : Taylor Series

𝑒𝑖𝜃 + 1 = 0
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Complex Numbers

• Euler’s Identity : Taylor Series in Complex Plane 
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Complex Numbers

• A sinusoidal signal
• Amplitude [voltage]

• Phase [degree, radian]

• Frequency [Hz]

9

  

    

 

   

 

                         

 

 

      

                                  

      



Complex Numbers

• Think about the orthogonality  

න sin 𝑘𝑥 ⋅ cos 𝑛𝑥 𝑑𝑥 = 0
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Complex Numbers

• Euler’s Identity
• Orthogonality of sinusoidal & complex number.
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𝑒𝑗𝜔𝑡 = cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡 

𝜔 = 2𝜋𝑓 



Complex Numbers

• Euler’s Identity
• Is complex exponential also orthogonal?
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𝑒𝑗𝜔𝑡 = cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡 

න 𝑒𝑗𝜔1𝑡 ⋅ 𝑒𝑗𝜔2𝑡𝑑𝑥 = 0?



Complex Numbers

• The phase ambiguity

• 𝑦 = sin 𝜔𝑡
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Complex Numbers

• Why phase is important?
• GPS L1 Carrier Frequency : 1575.42 MHz (𝜆 = 19𝑐𝑚)

• GPS L1 C/A Code Rate : 1.023MHz (𝜆 = 293𝑚)

• The light of speed, wavelength, and time
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Complex Numbers

• Roots of Complex number
– In shortly,

– And in case of z = 𝑟 = 1, arg 𝑧 = 0
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Review: Signals and Systems

• Signal
• Physical quantity

• Time domain function

16

𝑥(𝑡), continuous

𝑥 𝑛 , discrete



Review: Signals and Systems

• What are Signals?
– Demo: Python Audio Waveform and its Frequency
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Review: Signals and Systems

• Signals can be in higher dimension
• Image : 3D data (x,y,value)

• Video : 4D data (x,y,t,value) 
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https://mozanunal.com/2019/11/img2sh/



Review: Signals and Systems

• What is a System? 
• A mapping, a function to a function.

• What is system for below example?

19

System 
Input

System
Output



Review: Signals and Systems

• Linear, Time-invariant System
• Time-invariant: system doesnot changeby time.

• 𝑥 𝑡 → 𝑦 𝑡  일때, 

𝑥 𝑡 − 𝜏 → 𝑦 𝑡 − 𝜏
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System
Time-
delay

Time-
delay

System

𝑥 𝑡

𝑦 𝑡 − 𝑡0

𝑤 𝑡

𝑦 𝑡

𝑥 𝑡 − 𝑡0

𝑦 𝑡 − 𝑡0 = 𝑤 𝑡 for Time-invariant System



Review: Signals and Systems

• Convolution 
• A significant operation for LTI systems.

• Note that the function is time-invariant
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Review: Signals and Systems

• Linear, Time-invariant System
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signal 𝑥 𝑡   Weighted  Impulses

An LTI system is represented by
conv(input , Impulse Resp.)

Apply the system to the input

If system is LTI
the order can be changed



Review: Signals and Systems

• Linear, Time-invariant System
• High energy photon detectors

• Output is superposition of impulse responses
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Review: Signals and Systems

• 선형대수학과의연관성
• Signal: a vector  (or a matrix)(Vector: a matrix with single column/row)

• System: a function of signal → maybe.. calculation of a matrix?

• Example) 𝒚 𝒏 = 𝒙 𝒏 − 𝒙 𝒏 − 𝟏

𝒚 𝟎 = 𝒙 𝟎  

𝒚 𝟏 = 𝒙 𝟏 − 𝒙 𝟎  

𝒚 𝟐 = 𝒙 𝟐 − 𝒙 𝟏  

𝒚 𝟑 = 𝒙 𝟑 − 𝒙 𝟐  

 …
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𝒚 𝟎

𝒚 𝟏

𝒚 𝟐

𝒚 𝟑
…

𝒚 𝒏 − 𝟏

=

𝒙 𝟎
𝒙 𝟏

𝒙 𝟐
𝒙 𝟑

…
𝒙 𝒏 − 𝟏

 

? 

𝑵 × 𝟏 𝑵 × 𝑵 𝑵 × 𝟏 

A System ℋ Input SignalOutput Signal



Review: Signals and Systems

• Linear, Time-invariant System
• Linearity: scalar product, additivity (= vector)

• 𝑥 𝑛 → 𝑦 𝑛  일때, 

𝑥 𝑛 = 𝛼𝑥1 𝑛 + 𝛽𝑥2 𝑛  →  𝑦 𝑛 = 𝛼𝑦1 𝑛 + 𝛽𝑦2 𝑛
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Review: Signals and Systems

• Concept of a Signal Space
• A Vector represented by some linear combination of basis.

• A signal can be represented by some orthogonal signals (Kernels). 

               ➔ Key idea of “transformation”
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Review: Signals and Systems

• Sampling of a Continuous Signal
• How is it possible? 
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𝑥(𝑡)

𝑥(𝑛)



Review: Signals and Systems

• Sampling of a Continuous Signal
• Sampling = Signal * Impulse Train 
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Review: Signals and Systems

• Sampling of a Continuous Signal
• Consider an Impulse Train (IT)

• Fourier Transform of IT is another IT. (T ➔ 2𝜋/𝑇)
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Review: Signals and Systems

• Sampling of a Continuous Signal
• Recall that IT in Time domain == IT in Freq. Domain
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Review: Signals and Systems

• Sampling of a Continuous Signal
• Nyquist Criteria: Fin < Fs/2
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Review: Signals and Systems

• Sampling of a Continuous Signal
• Problem of a Sampling: Aliasing
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Review: Signals and Systems

• Fourier Series & Transform 
• Understanding Sampling & Transform together

33

What we think 

What we get 



FourierAnalysisof Discrete-Time Systems

• Discrete Time Fourier Transform
• Two systems applied in cascade way.

• The continuous Fourier Transform

• The sampling process

34

FT

DFT



FourierAnalysisof Discrete-Time Systems

• Discrete Time Fourier Transform

𝑋 Ωk =  ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑒−𝑗
2𝜋𝑘

𝑁 𝑛

• We have two indexes, n and k
• N : discrete time index

• K : discrete frequency index

• Note that N is the number of samples of x(n)

• The transform can be performed by multiplication of a matrix!
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FourierAnalysisof Discrete-Time Systems

• Discrete Fourier Transform
• A visual explanation
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𝑿 𝟎
𝑿 𝟏

𝑿 𝟐
𝑿 𝟑

…
𝑿 𝒏 − 𝟏

 =

𝒙 𝟎
𝒙 𝟏

𝒙 𝟐
𝒙 𝟑

…
𝒙 𝒏 − 𝟏

Time-
Domain 

𝒙 𝒏
N x 1

Frequency 
Domain
𝑋 Ωk

N x 1

“주파수”의복소수형태
Complex Exponential

N x N 

Phase changes over time ➔

𝑋 Ωk =  ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑒−𝑗
2𝜋𝑘

𝑁
𝑛
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FourierAnalysisof Discrete-Time Systems

• Discrete Fourier Transform
• The negative frequency

• The symmetry of DFT of real signal
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𝑿 𝟎
𝑿 𝟏

𝑿 𝟐
𝑿 𝟑

…
𝑿 𝒏 − 𝟏

 =

𝒙 𝟎
𝒙 𝟏

𝒙 𝟐
𝒙 𝟑

…
𝒙 𝒏 − 𝟏

𝑋 Ωk =  ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑒−𝑗
2𝜋𝑘

𝑁
𝑛



FourierAnalysisof Discrete-Time Systems

• Discrete Fourier Transform
• Why DFT result of complex signal is not symmetrical?
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𝑒𝑗𝜔𝑡 = cos 𝜔𝑡 + 𝑗 sin 𝜔𝑡 



FourierAnalysisof Discrete-Time Systems

• Properties of DFT
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FourierAnalysisof Discrete-Time Systems

• Properties of DFT
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FourierAnalysisof Discrete-Time Systems

• Fast Fourier Transform
• The symmetry of DFT Matrix

• Odd vs. Even Decomposition
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𝑋 Ωk =  ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑒−𝑗
2𝜋𝑘

𝑁
𝑛



FourierAnalysisof Discrete-Time Systems

• Fast Fourier Transform
• The symmetry of DFT Matrix

• 𝑂(𝑛2) vs. 𝑂(𝑛 log 𝑛)
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𝑋 Ωk =  ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑒−𝑗
2𝜋𝑘

𝑁
𝑛



FourierAnalysisof Discrete-Time Systems

• Fast Fourier Transform (FFT)
• Using the symmetry of odd and even function

• The computational complexity, problem solving skill
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Thank you

Department of Radio & Information Communications Engineering

CHUNGNAM NATIONAL UNIVERSITY
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  z = x + i y = r  e  i 𝜃


  z = x + i y = r  e  i 𝜃


     (  cos ⁡ 𝜃 + i  sin ⁡ 𝜃 ) n =  cos ⁡  n 𝜃 + i  sin ⁡ 𝜃  


   e  i 𝜃 =  cos ⁡ 𝜃 + i  sin ⁡ 𝜃  


   e  i 𝜃 + 1 = 0


   e  i 𝜃 + 1 = 0


     d  d t e t =  e t


   e  i 𝜃 + 1 = 0


   ∫   sin ⁡   ( k x ) ⋅  cos ⁡   ( n x ) d x = 0


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


  𝜔 = 2 𝜋 f  


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


   ∫   e  j  𝜔 1 t ⋅  e  j  𝜔 2 t d x = 0 ?


  y =  sin ⁡   ( 𝜔 t )


  ( 𝜆 = 19 c m )


  ( 𝜆 = 293 m )


  z = r = 1 ,    (  arg ⁡ z = 0 )


  x ( t )


  x  [ n ]


  x  [ t ] → y  [ t ]  


  x  [ t − 𝜏 ] → y  [ t − 𝜏 ]


  x  [ t ]


  y  [ t −  t 0 ]


  w  [ t ]


  y  [ t ]


  x  [ t −  t 0 ]


  y  [ t −  t 0 ] = w  [ t ]


  x  ( t )


  𝒚  [ 𝒏 ] = 𝒙  [ 𝒏 ] − 𝒙  [ 𝒏 − 𝟏 ]


  𝒚  [ 𝟎 ] = 𝒙  [ 𝟎 ]


  𝒚  [ 𝟏 ] = 𝒙  [ 𝟏 ] − 𝒙  [ 𝟎 ]


  𝒚  [ 𝟐 ] = 𝒙  [ 𝟐 ] − 𝒙  [ 𝟏 ]


  𝒚  [ 𝟑 ] = 𝒙  [ 𝟑 ] − 𝒙  [ 𝟐 ]


   [    𝒚  [ 𝟎 ]   𝒚  [ 𝟏 ]   𝒚  [ 𝟐 ]   𝒚  [ 𝟑 ]   …   𝒚  [ 𝒏 − 𝟏 ] ] =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


   [                                                                                                            ?                                               ]


  𝑵 × 𝟏


  𝑵 × 𝑵


  𝑵 × 𝟏


  ℋ


  x  [ n ] → y  [ n ]  


  x  [ n ] = 𝛼  x 1  [ n ] + 𝛽  x 2  [ n ]   →     y  [ n ] = 𝛼  y 1  [ n ] + 𝛽  y 2  [ n ]


  x ( t )


  x ( n )


  2 𝜋 / T


   F in <  F s / 2


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   [    𝑿  [ 𝟎 ]   𝑿  [ 𝟏 ]   𝑿  [ 𝟐 ]   𝑿  [ 𝟑 ]   …   𝑿  [ 𝒏 − 𝟏 ] ]   =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


  𝒙  [ 𝒏 ]


  X  (  Ω k )


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   [    𝑿  [ 𝟎 ]   𝑿  [ 𝟏 ]   𝑿  [ 𝟐 ]   𝑿  [ 𝟑 ]   …   𝑿  [ 𝒏 − 𝟏 ] ]   =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


  O (  n 2 )


  O ( n  log ⁡ n )


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n

