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Course Overview

* Tentative Schedule

T e e

Introduction

Representing Signals
Continuous-Time System
Complex Numbers
Fourier Series

Fourier Transform
DFT

(self-motivated)

Fourier Analysis of Discrete-Time System
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6. Fourier Transform
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Fourier Transform

» Continuous Time Fourier Transform
« Main Concept : Periodic = Aperiodic (Generalization)
* Occupies a continuum of frequencies

x(r) = 2 c,expljnwyt] X()
| [

i AR
c, = —j x(t) exp[—jnw,t]dt
') g
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Fourier Transform

e Continuous Time Fourier Transform

) *i;(t): j C,,exp[jnu),,t]
« x(t) is an aperiodic function.

« Define x; as follows: ¢ = H[ %0 exp [~ fragtl &
T/2
(t) T<t<T
X ) —— = oy
x7(t) = 2 2
0, otherwise

« Define X(t)
» For—— <t <, %(t) = x(t) and Z(t) = %(t + T)

Tli_rgoxf (1) = x(1). ]llir;fc'(t) = x(t).
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Fourier Transform

« Continuous Time Fourier Transform
» Since %(t) is a periodic function, the Fourier Series will be

}(t) = E Cnexp[jnw(lt]
1 T/2 N '
c, = 7f , x(t) exp|—jnow,t]dt
* The above can be rewritten as

1 T/2 . 1 T/2 _
C, = —J X(t) e IM@olge = —f x7(t) e /M@t g
T)_ 1), T)_ 1/,
« Consider that x;(t) =0 for |t| > T/2,
1

Cp = ?j x7(t) e~ Im@ot gt
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Fourier Transform

e Continuous Time Fourier Transform
 Substituting to Fourier series definition,

= [1(° | |
x(t) = z [Tf xT(t)e‘J”“’Otdt] g/nwot

n=-—oco

wo 7 . .
= —_ t —anotdt Jnwot
E [27T j_ooxT( )e ]e

n=—oo

1 <« [ . .
= % Z [j_wa(t) e_]nwotdt] e]nwot * Wy

n=-—oo

_ A St
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Fourier Transform

« Continuous Time Fourier Transform
 Substituting to Fourier series definition,
e AsT - o, wy = 0. kw, becomes cont. variable
* AST — o0, xr(t) = x(t)

%( = Z U xp(t) e” J"“’Otdt] eJnwot .

n=—~oo

x(t) _Thm _n Z U xr(t) e” J"wotdt] eJnwot .
Nn=—cc

X(w)

_ A St
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Fourier Transform

e Continuous Time Fourier Transform

« The above can be rewritten as

T/2 . 1 T/2 _
C, = —J %(t) e IM@olgt = —j xp(t) e /NPt ¢
T ) 7/, T ) 7/,
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Fourier Transform

e Continuous Time Fourier Transform
 The variable of each functions are continuous!
* Fourier Series : for discrete frequencies.

1~ .
x(t) = é}:j X(w)expljot]do

00

X(0) = f x(1) exp[—jot] dt

* The Fourier Transform is complex function, with w

X(w) = | X(w)| exp[jd(w)]
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Fourier Transform

* Example
« x(t) =rect G)

x(t)
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Fourier Transform

* Example
« x(t) =rect G) 2 X(w)=T1 Sinc(:—;

« Bandwidth (Null-to-null) : 2/t rad/s, 1/t Hz
« Mainlobe
» Sidelobe
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Fourier Transform X0 = - [ " X (o) exp[jor]do

« Examples with Delta Function X(o) = f x(t) exp[—jor] di

-

« x(t) =6(t)

¢ X(w) = §(w)

¢« X(w) =8(w— wyp)
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Fourier Transform

« Examples with Sinusoidal Function
ejw0t+e_jw0t

2

* x(t) =coswyt =

eijt_e_ijt

* x(t) =sinwyt = T
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Fourier Transform

 Examples
« Sum of periodic signals in time domain.

x)= S ¢, explinwy]

n=-—=o
1 kHz signal Sum of the three signals
10
05
g
£ o0
H
-0.5
-10
.000 0.002 0.004 0.006 0.008 0.010
2 kHz signal
w L
2 2
£ £ o
3 a
5 H
00 0.004 00¢
e (s)
3 kHz signal
€
£
H
-0
=1
00 0.004 00 04

S % 2 LI OF
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REMI

Fourier Transform

 Examples

« A sum of periodic signals can be represented individually.

0.5 1

0.4 1

0.3 4

Magnitude

0.2 1

0.1+

0.0

X([) = 2 Cn CXP[jI?(x)()t]

n=—c

Frequency spectrum of the sum of the three signals

1000
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Fourier Transform

 Examples
« What if x(t) is sum of impulse functions,
 Let's see the result with Python

® | .= 1 ()  J2mnt g — 1
x(t) = E o(t — nT) nT mx " i ¢ = T

n=—mw

~ 1

x()= 2, Texp[jz?;-m] - X(0) = 2; i 8(“’_2;")

n=—w% n=-—w

i S(t —nty) < w, i S(w —nwy)

n=-—co n=-—oo

: it 2 (@] ]
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Fourier Transform

e Fourier Transform Pairs

x(1) X(w)
1.1 218 (w)
1
2. u(r) m(w) +
jw
3. 8(1) |
4. 8(1 — 1) exp[—jof]
2si 2
5. rect(t/7) 7 sinc - = sinwr/2
27 o)
si t
6. 9 sinc 28! = SNl rect (0/2wy)
T v e
2
7. sgnt =
Jw
8. expljoyt] 2w (0w — o))
9. Z a, exp[jnwyt] 2 Y, a,8(w — nog)
10. coswyt m[d(w — wy) + 3w + wy)]
. 0
11. sinwgyt ; [B(w — ) — 8 + wy)]
12 (coswyt)u(t) ; [3(o — wy) + (0 + vy)] + 77:7]703 s
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Fourier Transform

* Properties of Fourier Transform
« Same as Fourier Series!
* Linearity
« Symmetry
* Time Shift
« Time Scaling
 Differentiation
« Convolution
* Duality
« Modulation or Frequency Shift

_ A St
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Fourier Transform

* Properties of Fourier Transform
« Symmetry

X(—w) = X" (w)
X ()| = |X(—w)|, ¢p(w) = —¢(—w)
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Fourier Transform

* Properties of Fourier Transform
 Differentiation

dx(t)
dt

o joX(w)

d™x(t)
dtn

< (jw)"X(w)
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Fourier Transform

* Properties of Fourier Transform

e Convolution

x(t) * h(t) € X(w)H(w)

x(t)h(t) & i

X(w) * H(w

- (w)
x(t) h(t) y(t)=x(t) * h(t)

— LTI ‘ —
X(w) H(w) Y(w)= X(w)H(w)

* One of the most useful in comm., control, and signal proc.
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Fourier Transform

* Properties of Fourier Transform
« Symmetry (only when the function x is real)

X(—w) = X" (w)
X (w)| = [X(—w)|, $(w) = —¢(—w)

Sine Wave Complex Exponential

150 4
150 4

100 A

Magnitude
g

_50 d

T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
Frequency (Hz) le6

8 e P 6
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Fourier Transform

* Properties of Fourier Transform

* When the function x is real
« The negative frequency is ignored. (because it's symmetric)

Sine Wave

150 -

100 A

Magnitude

=50 1

-4 -2 0 2 4
Frequency (Hz) le6
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Fourier Transform

* Properties of Fourier Transform
« Convolution

x(t) * h(t) € X(w)H(w)

x(t)h(t) & i

x(t)
X(w)

X(w) * H(w

. (w)
h(t) y()=x(t)* h(t)
LTI = —>
H(w) Y(w)= X(w)H(w)

 The H(w) is called frequency response.
* An LTI system is completely characterized by H(w)
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Fourier Transform

« Example of impulse response

> 065 —— The spectrum of signal X(w)
~ 0.5 1
B
1 g
S 0.4
&
0 2 0.3 1
2
14 5 0.2 1
]
= 01
=21 —— Signal x(t)
0.0 A
0.0 0.1 0.2 0.3 0.4 0.5 0 100 200 300 400 500
Frequency
0.100 A —— Real part of h(t) 31 —— Magnitude response |H(w)|
0.075 - —— Imag part of h(t) 2 —— Phase response arg H(w)
0.050 - 1o] com——
0.025 0-
0.000 - — =1+
~0.025 A -2
~0.050 3
0 100 200 300 400 500 0 100 200 300 400 500
0.35
0.6 4 n Y(w)
o3 . 0304
- >
' 2 0.25
0.2 4 o
£ 0.20 1
0.0 1 —— System output y(t), conv(x(t),h(t)) g
S 0.15 A
-0.2 E
© 0.10 1
041 2
0.05 1
—0.6
0.00 4
0.0 0.1 0.2 0.3 0.4 0.5 0 100 200 300 400 500

Frequency

S e 2= SF
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/. Fourier Analysis of DT System
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Fourier Analysis of Discrete-Time Systems

e Discrete Time Fourier Transform

« Two systems applied in cascade way.
* The continuous Fourier Transform
* The sampling process

1.0 |

Continuous

Signal 0.5

0

Sampled
Signal 0.5 I[ ‘
0

REMI LAB

Signal

X ()

Frequency Spectrum

X.(F)

28

-2 0 2 4
Frequency (Hz)
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Fourier Analysis of Discrete-Time Systems

 Discrete Time Fourier Transform
« Assume that the function is periodic with NAt.
* The expansion of periodicity 2w to N

N—-1 N-1
_ 2wk 2mn,
X@) = Y xme N, xm) = ) X(@)el
n=0 n=0
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Discrete Time System

 Sinusoidal Sequences

x(n) = Acos(Qn + 6)

A sinusoidal sequence is periodic iff. /2 is rational.

x(n) = cos (

|

14+

o

REMI LAB
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Discrete Time System

* The impact of Omega Q
x(n) = Acos(Qn + 6)
« Consideronly 0 < Q< 2m

* The x(n) is constant when Q = 0.

HWHWmWWWW
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Discrete Time System

* The impact of Omega Q
x(n) = Acos(Qn + 6)

« As Qincreases from O to m, the rate of oscillation of x(n) increases.

cos (¥n)
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Discrete Time System

* The impact of Omega Q
x(n) = Acos(Qn + 6)

« The rate of oscillation of x(n) is greatest when Q = 1.
« As Qincreases from 1t to 21, the rate of oscillation of x(n) decreases.

: it 2 (@] ]
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Discrete Time System

* The impact of Omega Q

PRI I
i ;

REMI LAB



Discrete Time System

* Why is this happening?
 (Periodic) Sampling : Continuous to discrete conversion.
* The sampling period T

() ideal C/D converter

. p(ty="Y 8(t—«kT) f
: k=—o0 .
3 ) .
) /\ﬁ x | s convert from i y
: impulse train  —»———>—
T to sequence ;
0 T or ar ' ,
Input Function I '
s(1)
y(n)
(T)
4+ e x(T)
' ) a4+ 1 .
T x(27) tm """ at ."-_.\-(21”} x(3T)
2"‘1(0) 3 :
‘ ‘ S ) ‘ N ‘
A
A
t t T t
0 T 2T T t t
] 1 2 3

Impulse-Sampled Function

. . Discrete-Ti
(Continuous-Time) Output Sequence (Discrete-Time)
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Discrete Time System

* The Sampling Process ; : | ‘ !

« Since the impulse train is periodic, Periodic Impulse Train
we convert p(t) by Fourier Series

p(t) = i 5(t—kT) = i ¢, elwont

k=—o0 n=-—oo

1 ! —iz—nnt 1
cn=—j 6(t—kT)e "T " dt ==
T) 1), T

» Therefore,
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Discrete Time System

* The Sampling Process : ' | ‘ r
* Applying Fourier Transform to p(¢) Periodic Impulse Train

1 «— . 21
p(t) =7 Z el@ot = p(y) :?n z S(w — nwy)
n=—oo

n=—oo -

- Note that the F{e/®ot} = 216 (w — wy), wg = 21/T

 Finally, we get following.

p(t) = z 5(t — kT) = P(w) = 2?” z 5(w — nwy)

k=—o0 n=-—oo

_ A St
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Discrete Time System

* The Sampling Process

ideal C/D converter

convert from ;
impulse train  —>———
to sequence ;

« Sampling will perform a ccl)nvolution in frequency domain.
x(t)h(t) < —X(w) * H(w)

REMI LAB

2T
1"\:{0 Xolf)
B [ f
| A7 t 5 5
(a) (b)
4 Polt) | P s(f)
A 7
0 O O Y
t 2f 'fs fs Zf,
(c) (d)
:LS(t) 1 s
2T, a"r‘l\\
\ 1] £as A // A m/.\ Af
t 'fO fO fs
(e) (f)

38
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Fourier Analysis of Discrete-Time Systems
 Discrete Time Fourier Transform

X(Q) = 2 x(n)e_j%n

n=0

« We have two indexes, nh and k
* N : discrete time index
« K: discrete frequency index
* Note that N is the number of samples of x(n)

» The transform can be performed by multiplication of a matrix!

_ A St
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Fourier Analysis of Discrete-Time Systems

e Discrete Fourier Transform
A visual explanation

Frequency
Domain
X(Qx)
Nx1

REMI LAB

q

N-1

X(Qp) = z x(n)e_j%n

€
xapul ajdwes yim saob awi |
o

Phase changes over time >
XYY YYYIY:
" @QRQOODO® | [ o
@000 PO x[1]
@00 QOGP A
GOGOGOGO HEl
5@@@@@@@@ x[n — 1]/
@O0 OOOO QP
@OODOD D Q- Time-
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Fourier Analysis of Discrete-Time Systems

N-1

 Discrete Fourier Transform X(Q) = Z x(n)e—f%"
« The negative frequency n=0
« The symmetry of DFT of real signal
0006806066
X[0] QPO DO® 0]
ﬁ;} 000800 O x[1]
o |- | ©00QO@0D |, |
GOGOBO GO
X[n—1] @D PBOQ0D x[n —1]
000000
- QO0O0ODOODC-

: nt 2= (@]}
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Fourier Analysis of Discrete-Time Systems

 Discrete Fourier Transform
« Why DFT result of complex signal is not symmetrical?

¥it)

t = 0.00s

e/®t = cos wt + j sin wt

time(s)

S ) 2= (e] 31|
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Fourier Analysis of Discrete-Time Systems

* The uncertainty of the time and frequency
 For a fixed f;, larger N will give small Af (high freq. resolution)
 For a fixed t, higher f, will give higher f,,4x

, DFT with N, Fs, f ) )
Complex Sine Wave: 20 Hz Frequency Bin Resolution: 17.57 Hz
1.00 4 —— Real 1.0
Imaginary

0.50 1

0.6 1

0.00 4

0.25 4

0.50 1

0.75 1

1.00 0.0

.2 0.3 . . - - -
Time (s) Frequency (Hz)
Sampling Frequency IEE———
Frequency W | 20

N — 35
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Fourier Analysis of Discrete-Time Systems
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Fourier Analysis of Discrete-Time Systems

* Properties of DFT

Property Time Domain Frequency Domain
Linearity aixi(n)+axxz(n) a1 X;1(Q)+axX>(Q)
Translation x(n—ng) e X (Q)

Modulation e/ x(n) X(Q—Q)

Conjugation x*(n) X*(—Q)

Time Reversal x(—n) X(-Q)

Upsampling (T M)x(n) X(MQ)

Downsampling (} M)x(n) LyM x (&2m)
Convolution x1 *x2(n) X1(Q)X>2(Q)
Multiplication x1(n)x2(n) A~ [ X1(8)X2(Q—0)d6
Freq.-Domain Diff.  nx(n) X (Q)

Differencing x(n) —x(n—1) (1-e72)X(Q)
Accumulation Yo x(k) % X(Q) +1X(0) K., 5(Q —2k)

_ A St
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Fourier Analysis of Discrete-Time Systems

* Properties of DFT

Property

Periodicity X(Q)=X (Q + 27t)

Parseval’s Relation = x| = o 1X(Q )|? dQ
Even Symmetry xis even < X is even

Odd Symmetry x is odd < X is odd

Real / Conjugate Symmetry xis real < X is conjugate symmetric
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Thank you

Department of Radio & Information Communications Engineering
CHUNGNAM NATIONAL UNIVERSITY

REMi LAB {ms S EHTH O



	슬라이드 1: Signals and Systems
	슬라이드 2: Course Overview
	슬라이드 3: 6. Fourier Transform
	슬라이드 4: Fourier Transform
	슬라이드 5: Fourier Transform
	슬라이드 6: Fourier Transform
	슬라이드 7: Fourier Transform
	슬라이드 8: Fourier Transform
	슬라이드 9: Fourier Transform
	슬라이드 10: Fourier Transform
	슬라이드 11: Fourier Transform
	슬라이드 12: Fourier Transform
	슬라이드 13: Fourier Transform
	슬라이드 14: Fourier Transform
	슬라이드 15: Fourier Transform
	슬라이드 16: Fourier Transform
	슬라이드 17: Fourier Transform
	슬라이드 18: Fourier Transform
	슬라이드 19: Fourier Transform
	슬라이드 20: Fourier Transform
	슬라이드 21: Fourier Transform
	슬라이드 22: Fourier Transform
	슬라이드 23: Fourier Transform
	슬라이드 24: Fourier Transform
	슬라이드 25: Fourier Transform
	슬라이드 26: Fourier Transform
	슬라이드 27: 7. Fourier Analysis of DT System
	슬라이드 28: Fourier Analysis of Discrete-Time Systems
	슬라이드 29: Fourier Analysis of Discrete-Time Systems
	슬라이드 30: Discrete Time System
	슬라이드 31: Discrete Time System
	슬라이드 32: Discrete Time System
	슬라이드 33: Discrete Time System
	슬라이드 34: Discrete Time System
	슬라이드 35: Discrete Time System
	슬라이드 36: Discrete Time System
	슬라이드 37: Discrete Time System
	슬라이드 38: Discrete Time System
	슬라이드 39: Fourier Analysis of Discrete-Time Systems
	슬라이드 40: Fourier Analysis of Discrete-Time Systems
	슬라이드 41: Fourier Analysis of Discrete-Time Systems
	슬라이드 42: Fourier Analysis of Discrete-Time Systems
	슬라이드 43: Fourier Analysis of Discrete-Time Systems
	슬라이드 44: Fourier Analysis of Discrete-Time Systems
	슬라이드 45: Fourier Analysis of Discrete-Time Systems
	슬라이드 46: Fourier Analysis of Discrete-Time Systems
	슬라이드 47: Thank you


  x  ( t )


   x T


   x T  ( t ) =  {    x  ( t ) ,     −  T 2 ≤ t <  T 2   0 ,         o t h e r w i s e


   x ~  ( t )


  −  T 2 < t <  T 2


   x ~  ( t ) = x  ( t )


   x ~  ( t ) =  x ~  ( t + T )


   x ~  ( t )  


   c n =  1 T   ∫  − T / 2  T / 2   x ~  ( t )  e  − j n  𝜔 0 t d t =  1 T   ∫  − T / 2  T / 2   x T  ( t )  e  − j n  𝜔 0 t d t


   x T  ( t ) = 0


   | t | > T / 2


   c n =  1 T   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t


   x ~  ( t ) =   ∑  n = − ∞ ∞   [  1 T   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t ]  e  j n  𝜔 0 t


  =   ∑  n = − ∞ ∞   [    𝜔 0  2 𝜋   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t ]  e  j n  𝜔 0 t


  =  1  2 𝜋   ∑  n = − ∞ ∞   [   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t ]  e  j n  𝜔 0 t ⋅  𝜔 0


  T → ∞ ,    𝜔 0 → 0


  k  𝜔 0


  T → ∞ ,    x T ( t ) → x ( t )


   x ~  ( t ) =  1  2 𝜋   ∑  n = − ∞ ∞   [   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t ]  e  j n  𝜔 0 t ⋅  𝜔 0


  x  ( t ) =    lim  T → ∞ ⁡   1  2 𝜋   ∑  n = − ∞ ∞   [   ∫  − ∞ ∞   x T  ( t )  e  − j n  𝜔 0 t d t ]  e  j n  𝜔 0 t ⋅  𝜔 0


  X  ( 𝜔 )


   c n =  1 T   ∫  − T / 2  T / 2   x ~  ( t )  e  − j n  𝜔 0 t d t =  1 T   ∫  − T / 2  T / 2   x T  ( t )  e  − j n  𝜔 0 t d t


  𝝎


  x  ( t ) = r e c t  (  t 𝜏 )


  x  ( t ) = r e c t  (  t 𝜏 )


  X  ( 𝜔 ) = 𝜏   s i n c   𝜔 𝜏  2 𝜋


  2 𝜋 / 𝜏


  1 / 𝜏


  x  ( t ) = 𝛿  ( t )


  X  ( 𝜔 ) = 𝛿 ( 𝜔 )


  X  ( 𝜔 ) = 𝛿 ( 𝜔 −  𝜔 0 )


  x  ( t ) =  cos ⁡   𝜔 0 t =    e  j  𝜔 0 t +  e  − j  𝜔 0 t 2


  x  ( t ) =  sin ⁡   𝜔 0 t =    e  j  𝜔 0 t −  e  − j  𝜔 0 t  2 j


  x ( t )


  X  ( − 𝜔 ) =  X ∗  ( 𝜔 )


   | X ( 𝜔 ) | =  | X ( − 𝜔 ) | ,   𝜙  ( 𝜔 ) = − 𝜙  ( − 𝜔 )


    d x  ( t )  d t ↔ j 𝜔 X  ( 𝜔 )


     d n x  ( t )  d  t n ↔    ( j 𝜔 ) n X  ( 𝜔 )


  x  ( t ) ∗ h ( t ) ↔ X  ( 𝜔 ) H ( 𝜔 )


  x  ( t ) h  ( t ) ↔  1  2 𝜋 X  ( 𝜔 ) ∗ H ( 𝜔 )


  x


  X  ( − 𝜔 ) =  X ∗  ( 𝜔 )


   | X ( 𝜔 ) | =  | X ( − 𝜔 ) | ,   𝜙  ( 𝜔 ) = − 𝜙  ( − 𝜔 )


  x


  x  ( t ) ∗ h ( t ) ↔ X  ( 𝜔 ) H ( 𝜔 )


  x  ( t ) h  ( t ) ↔  1  2 𝜋 X  ( 𝜔 ) ∗ H ( 𝜔 )


  𝑯  ( 𝝎 )


  H  ( 𝜔 )


  N ∆ t


  𝜋


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n ,     x ( n ) =     ∑  n = 0  N − 1  X  (  Ω k )  e  j   2 𝜋 n N k


  x  ( n ) = A  cos ⁡   ( Ω n + 𝜃 )


  𝛀 / 𝟐 𝝅


  Ω


  x  ( n ) = A  cos ⁡   ( Ω n + 𝜃 )


  0 ≤ Ω < 2 𝜋


  x ( n )


  Ω


  x  ( n ) = A  cos ⁡   ( Ω n + 𝜃 )


  x ( n )


  Ω


  x  ( n ) = A  cos ⁡   ( Ω n + 𝜃 )


  x ( n )


  x ( n )


  Ω


  p  ( t )


  p  ( t ) =   ∑  k = − ∞ ∞  𝛿  ( t − k T ) ⇒   ∑  n = − ∞ ∞   c n  e  i  𝜔 0 n t


   c n =  1 T   ∫  − T / 2 T  𝛿  ( t − k T )  e  − i   2 𝜋 T n t d t =  1 T


  p  ( t ) =  1 T   ∑  n = − ∞ ∞   e  i  𝜔 0 n t


  p ( t )


  p  ( t ) =  1 T   ∑  n = − ∞ ∞   e  i  𝜔 0 n t ⇒ P  ( 𝜔 ) =   2 𝜋 T   ∑  n = − ∞ ∞  𝛿  ( 𝜔 − n  𝜔 0 )


  F  {  e  j  𝜔 0 t } = 2 𝜋 𝛿  ( 𝜔 −  𝜔 0 ) ,    𝝎 𝟎 = 𝟐 𝝅 / 𝑻


  p  ( t ) =   ∑  k = − ∞ ∞  𝛿  ( t − k T ) ⇒ P  ( 𝜔 ) =   2 𝜋 T   ∑  n = − ∞ ∞  𝛿  ( 𝜔 − n  𝜔 0 )


  x  ( t ) h  ( t ) ↔  1  2 𝜋 X  ( 𝜔 ) ∗ H ( 𝜔 )


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   [    𝑿  [ 𝟎 ]   𝑿  [ 𝟏 ]   𝑿  [ 𝟐 ]   𝑿  [ 𝟑 ]   …   𝑿  [ 𝒏 − 𝟏 ] ]   =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


  𝒙  [ 𝒏 ]


  X  (  Ω k )


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   [    𝑿  [ 𝟎 ]   𝑿  [ 𝟏 ]   𝑿  [ 𝟐 ]   𝑿  [ 𝟑 ]   …   𝑿  [ 𝒏 − 𝟏 ] ]   =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


  X  (  Ω k ) =     ∑  n = 0  N − 1  x  ( n )  e  − j   2 𝜋 k N n


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


   f s


  N  


  ∆ f


  t


   f s


   f  m a x

