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Course Overview

• Tentative Schedule
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# Topic Assignment

1 Introduction 

2 Representing Signals

3 Continuous-Time System

4 Complex Numbers 

5 Fourier Series

6 FourierTransform #3

7 Fourier Analysis of Discrete-Time System



5. Fourier Series
It's not about equations.

The concept matters.
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Fourier Series

• Why do we need this?
• Image Compression

• Wireless Communication

• Electrical Engineering

• Electromagnetics

• Differential Equation

• Quantum Physics

• Signal Processing
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Fourier Series

• Long story short
• Looks like we have four different but similar things to study.
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Fourier Series

• The key idea : Orthogonality
• A kind of Linear Transformation (Multiplication of Matrix)

• Original Function = (some constant) * (Orthogonal Functions)
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Fourier Series

• Orthogonality
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Fourier Series

• Start with Real Fourier Series
• Target Function is periodic → Sum of periodic function 
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Fourier Series

• Example: Periodic Rectangular Wave 
• Find Fourier coefficients of the periodic function f(x)
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Fourier Series

• Example: Periodic Rectangular Wave 
• Find Fourier coefficients of the periodic function f(x)
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Fourier Series

• Example: Periodic Rectangular Wave 

• 𝑓 𝑥 =
4𝑘

𝜋
sin 𝑥 +

1

3
sin 3𝑥 +

1

5
sin 5𝑥 + ⋯

• Let the partial sum 

• 𝑆1 =
4𝑘

𝜋
sin 𝑥

• 𝑆2 =
4𝑘

𝜋
sin 𝑥 +

1

3
sin 3𝑥

• …
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Fourier Series

• Derivation of the Euler Formulas
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Fourier Series

• Before we prove Theorem 1.
• For integer 𝑚 ≠ 𝑛,

• For any integer 𝑚 and 𝑛, (Why?)
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cos 𝐴 cos 𝐵 =
1

2
cos 𝐴 + 𝐵 + cos(𝐴 − 𝐵)  

sin 𝐴 sin 𝐵 = −
1

2
cos 𝐴 + 𝐵 − cos(𝐴 − 𝐵)

cos 𝐴 sin 𝐵 =
1

2
sin 𝐴 + 𝐵 − sin(𝐴 − 𝐵)

sin 𝐴 cos 𝐵 =
1

2
sin 𝐴 + 𝐵 + sin(𝐴 − 𝐵)



Fourier Series

• Proof of Theorem 1.
• Apply integration on below equation. 
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Fourier Series

• Proof of Theorem 1.
• Apply integration on below equation. 
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2

× cos 𝑚𝑥



Fourier Series

• Proof of Theorem 1.
• Apply integration on below equation. 
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× sin 𝑚𝑥
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Fourier Series

• Sinusoid to Complex Exponential
• From Euler’s Formulas, 

• The derivation is simple.
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Fourier Series

• Visualizing the Complex Fourier Series
• The output is a complex number, a point.
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Fourier Series

• Visualizing the Complex Fourier Series
• Vectors with some radius, rotation speed.
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Fourier Series

• Visualizing the Complex Fourier Series
• Vectors with some radius, rotation speed.
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Fourier Series

• Visualizing the Complex Fourier Series
• The real and imaginary parts.
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Fourier Series

• Interactive Fourier Series ofSaw-tooth Function
• http://www.jezzamon.com/fourier/

• https://kr.mathworks.com/matlabcentral/fileexchange/49533
-fourier-series-animation-using-harmonic-circles
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Fourier Series

• Continuous Fourier Series & Transform
• Series: Periodic function with “discrete” exponentials

• Transform : Nonperiodic function, 
with continuous superposition of complex exponentials
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Fourier Series

• Dirichlet Conditions
1) over a single period, 𝑥 𝑡  is absolutely integrable  (i.e., ׬𝑇

|𝑥(𝑡)|𝑑𝑡 <  ∞)

2) over a single period, 𝑥 𝑡  has a finite number of maxima and minima 
(i.e., x is of bounded variation)

3) over any finite interval, 𝑥 𝑡  has a finite number of discontinuities , 
each of which is finite.

• If the signal 𝑥 𝑡  satisfies above conditions, 

• The Fourier series is convergent except at any point where 𝑥 𝑡  is 
discontinuous.

• At each point of discontinuity, it converges to 
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Fourier Series

• Dirichlet Conditions
• Example, Check if the function satisfies Dirichlet conditions.

1) over a single period, 𝑥 𝑡  is absolutely integrable  (i.e., ׬𝑇
|𝑥(𝑡)|𝑑𝑡 <  ∞)

2) over a single period, 𝑥 𝑡  has a finite number of maxima and minima 
(i.e., x is of bounded variation)

3) over any finite interval, 𝑥 𝑡  has a finite number of discontinuities , 
each of which is finite.
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Fourier Series

• Gibbs Phenomenon
• If the function has discontinuities, does not converge uniformly.

• i.e., Fourier series converge very slowly near discontinuities.
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Fourier Series

• Properties of Fourier Series
• Note that some notations are changed.
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Fourier Series

• Properties of Fourier Series
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cos 𝐴 cos 𝐵 =
1

2
cos 𝐴 + 𝐵 + cos(𝐴 − 𝐵)  

sin 𝐴 sin 𝐵 = −
1

2
cos 𝐴 + 𝐵 − cos(𝐴 − 𝐵)

cos 𝐴 sin 𝐵 =
1

2
sin 𝐴 + 𝐵 − sin(𝐴 − 𝐵)

sin 𝐴 cos 𝐵 =
1

2
sin 𝐴 + 𝐵 + sin(𝐴 − 𝐵)



Fourier Series

• Properties of Fourier Series
• Translation (Time Shifting)

• In other words, time shifting changes the argument(phase).

• The magnitude remains same.
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Fourier Series

• Properties of Fourier Series
• Modulation (Frequency Shifting)

• Multiplying a periodic exponential shifts the Fourier series 
sequence (frequency) 
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Fourier Series

• Properties of Fourier Series
• Time Reversal (Reflection)

• Time reversal is equivalent to a coefficient index reversal 
(negative frequency) 
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Fourier Series

• Properties of Fourier Series
• Periodic Convolution

• The convolution in time domain corresponds to 
multiplication of the Fourier-series coefficient sequences.
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Fourier Series

• Properties of Fourier Series
• Multiplication

• The multiplication of two periodic functions corresponds 
to the DT convolution of Fourier Series coefficient sequences.
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Fourier Series

• Properties of Fourier Series
• Note that some notations are changed.
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Fourier Series

• Properties of Fourier Series
• Parseval’s Relation

• The amount of energy is preserved!
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Thank you
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  f  ( x ) =   4 k 𝜋  (  sin ⁡ x +  1 3  sin ⁡  3 x +  1 5  sin ⁡  5 x + ⋯ )


   S 1 =   4 k 𝜋  sin ⁡ x


   S 2 =   4 k 𝜋  (  sin ⁡ x +  1 3  sin ⁡  3 x )


  m ≠ n


  m   and   n


   cos ⁡ A  cos ⁡ B =  1 2  [  cos ⁡   ( A + B ) +  cos ⁡  ( A − B ) ]  


   sin ⁡ A  sin ⁡ B = −  1 2  [  cos ⁡   ( A + B ) −  cos ⁡  ( A − B ) ]


   cos ⁡ A  sin ⁡ B =  1 2  [  sin ⁡   ( A + B ) −  sin ⁡  ( A − B ) ]


   sin ⁡ A  cos ⁡ B =  1 2  [  sin ⁡   ( A + B ) +  sin ⁡  ( A − B ) ]


    × cos ⁡  m x


    × sin ⁡  m x


  x  ( t )


    ∫ T   | x ( t ) | d t   <   ∞


  x  ( t )


  x  ( t )


  x  ( t )


  x  ( t )


  x  ( t )


    ∫ T   | x ( t ) | d t   <   ∞


  x  ( t )


  x  ( t )


   cos ⁡ A  cos ⁡ B =  1 2  [  cos ⁡   ( A + B ) +  cos ⁡  ( A − B ) ]  


   sin ⁡ A  sin ⁡ B = −  1 2  [  cos ⁡   ( A + B ) −  cos ⁡  ( A − B ) ]


   cos ⁡ A  sin ⁡ B =  1 2  [  sin ⁡   ( A + B ) −  sin ⁡  ( A − B ) ]


   sin ⁡ A  cos ⁡ B =  1 2  [  sin ⁡   ( A + B ) +  sin ⁡  ( A − B ) ]

