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Course Overview

* Tentative Schedule

I T S

Introduction

Representing Signals

Continuous-Time System

Complex Numbers H#2
Fourier Series

Fourier Transform

Fourier Analysis of Discrete-Time System
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3. Continuous-Time System
Systems, Functions, ...
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Continuous-Time System

 What are Systems?
— An entity that processes and produces a set of signals.

11.1put 'I system b o.utput
signal signal

* Linear / Nonlinear

« Causal / Non-causal

« Time-varying / Time-invariant
* |nvertible / Non-invertible

* Memory / Memoryless

« Stable / Unstable
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Continuous-Time System

* Linear and Nonlinear System
— Linear function (1At &) : y = ax+5
— Linearity (M&A)

- AdditiVity . f(x + y) = f(X) + f(y) y A
— Homogeneity : f(ax) = af (x)

— Example
— f(x) =sinx

R
Q
~
o
XA
[or
- fX)=x*+2x+9 /
~- f(x) = —0.87x + 1.12 /
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Continuous-Time System

* Linear and Nonlinear System
— Example: Saturation and Nonlinearity

saturation characteristic

signal (v)

I i | NS i i \
0 5 10 15 20 25 30
time (s)
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Continuous-Time System

* Nonlinear System
— Regression (2|7) : Linear ot &t~ & & 7% Mgt gf+=E = 4
— Linearization (M&3}) : Lineardl| 7t7t2 F£7H2F CHA[SH= 2

9
Q‘:F 8t Nonlinear Function
Qo" L OAperaltingl Point
A 4// 7t Linearization
Region of Good Approximation
Yi=Po+ P1Xi +&i T -2
Observed |, _____________ y=x
value of Y for Xi i 5t
4t
)
Predicted ! 8 i
value of Y for Xi [€~=""======"= | <+——— Random error i 3
2t
1 b
_______
Intercept D ................................................ ) 1 1
= Po . y=2x-1\> (xy)=(1.1)
| ) | |
Slope = P -3 -2 -1 0 1 2 3
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Continuous-Time System

* Nonlinear System
— Regression : To identify relationships between variables

Rates of heart disease (% of population)
as a function of biking to work and smoking

201

s
(8]
1

Smoking
(% of population)

053
= 1544
29.95

Heart disease (% of population)

IZII ZID 4IIZI EIEI
Biking to work (% of population)
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Continuous-Time System

* Nonlinear System
— Linearization (M&3}) : Lineardl| 7t7t2 £7i2F AtE2SH= HitH

REMI LAB

Output Power (dBm)

Third Order Intercept Poinf ——— |

4 Saturation Region |
Saturated Output Power Level 4 fl -

Qutput Power at 1 dB
compression point

Input Power |

Level Causing

Burnout

Minimurm |
D_eteclable \ |
Signal Third Order Intermod |

l

Spurious Free

Product Slope 3:1
Dynamic Range P

Total MNoise Level

Input Power (dBm) |

o fmy SHTHSH
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Continuous-Time System

e Time-invariant System
« Time-invariant: system does not change by time.
» x[t] > y[e] & O,

x[t] —

x[t—t]->ylt—1

]
ylt] Time-

e | x[e—to]

y[t — to] = w[t] for Time-invariant System

REMi LAB
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Continuous-Time System

* Time-Invariant System
— Q1. y(t) = cos(x(t))

— Q2. y(t) = x(t) - cost
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Continuous-Time System

» M=o utol it
 Signal: a vector (or a matrix)(Vector: a matrix with single column/row)
» System: a function of signal > maybe.. calculation of a matrix?

« Example) y[n] = x[n] — x[n — 1]

Output Signal Input Signal
N x 1 N x 1
y[0] = x[0] ' Yﬂ [ 11 xlo]
y[1] = x[1] — x[0 yil x[1]
y[2] = x[2] — x[1 » ylz] |_ ? x[2]
y[3] = x[3] — x[2 :V.[f”] x.[?]
y[n—1]. x[n — 1]
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Continuous-Time System

* |nvertibility

A system H~! being the inverse of 7 means that the following two
systems are equivalent (i.e., 7~ ' is an identity):

System 1: y = H 1 Hx System 2: y=x

« How do you know if an inverse matrix exists?

det(4) # 0

1 2 3
X=14 5 6
7 8 9
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Continuous-Time System

* Impulse Response
* An output of the system to an impulse.
« Two time variables : output time t, impulse time t
* If time-invariant system,

h-(t) = H(d-(t))

0 T _ . —2 A\
&(r —) h(t,)
i ~

: \ (@]}
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Continuous-Time System

e Convolution

* A significant operation for LTI systems.
* Note that the function is time-invariant

x#h(t) = /_ O;x(’c)h(t _ 1)t

1.0 1
f(T)
T g5 LIS fo(to — 7)
= (T (6 — 1)
0.0 - !
=4 =2 0] 2 4
- — (A*H)D
o 0.2 1
b
¥
00 R T T ® T T T
—4 -2 0 2 4
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Continuous-Time System

« Convolution
« Can be extended in higher dimensional signal.
« Example) Convolutional Neural Network (CNN)

N
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Continuous-Time System

- Properties of Convolution (Why?)

« Commutative xxh=hxx.

* Associative
(xxhy)xhy =x*(h; xhy).

» Distributive
xx(hy+hy) =xxhy+xxh;.

* |dentity

Xk 0 = X.

o 8(1) = /_ O:ox(’c)fi(t —)dt=x(t).
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Continuous-Time System

- Properties of Convolution (Why?)
 The area under curve

f;y(t)dt = fx(T)U h(t - T)dz]d-r

Area under h(t)

- JA x(7)[area under h(t)]dr

= area under x(7) X area under h(t)

1.0
— fi(7)
. o
= — f(DfR(t—1)
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Continuous-Time System

 Linear, Time-invariant System
« The missed one : time-invariant

x#h(t) = /_ o;x(r)h(t _ 1)t

« The equation becomes simpler,

y(t) = /OO x(7)h-(t)dT.

— 0

 “Convolution integral”

: . (@]}
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Continuous-Time System

 Example 1
e x(t) = Rect(t — 0.5), h(t) = e~ 2t u(t)

x(T)

1.0
[c=—129] — o
to=-1.20 ot — T)
0.5 1
A(T)fa(to— 1)

0.0

Il — BRI
0.2
«
00 L T T . T T T
—4 -2 0 2 4
1.0
(1)
£ 05 il fall — T)
= fi(T)f(to — T)
00 1 T T T T T
—4 -2 0 2 4
0.4 A
= (fL *2)(t)
< 0.2
<
0.0 1 : : ® .
-4 -2 0 2 4
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Continuous-Time System

* Example 1
« x(t) = Rect(t — 0.5) =, N “h
* h(t) = et u(t) |
' 4 2 0 2 4
- — (R*R)D
o h(t) = / KO —t)dt. | =
oo 0.0 : e ,

1) Fortime-shiftt < 0
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Continuous-Time System

 Example 1
° X(t) = R@Ct(t — 05) :(1).:_ o 222_ )
. h(t) = e~ 2t. u(t) _ A
- . o =4 =2 0 2 _4 ——
o h(t) = / WO —t)dt. | i@
2) Fortime-shift0 <7<1
gme S = THotm
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Continuous-Time System

 Example 1
* x(t) = Rect(t — 0.5)
e h(t) = e %t u(t)

xh(t) = /_ O:Ox(’c)h(t _1)dt

3) Fortime-shiftt > 1

REMI LAB

x(T)

(f*R)(1)

1.0 4

0.5+

0.0 -

0.4 1

0.2 4

0.0 -

— f(7)

%ﬁ\ — hA(Df(to — 1)
4 - 0 2 4
4 - 0 2 4
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Continuous-Time System

« Example 2
* x(t) = Rect(t — 0.5)
t—1 —-1<t<0

e h(t) =< 1 0<t<1
0 otherwise
1.0 1
fi(T)
—_ to=—1.20 fo(to — T)
[
x 02 (T fa(to — T)
0.0 - ,
Lo4 —4 —2 0 2 4
- — (RL*H)(1)
< 05
0'0_ T T T T T
-4 -2 0 2 4
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Continuous-Time System

* Example 2 — i
« x(t) = Rect(t — 0.5) Fosp / — hmata-n
t—1 -1<t<0 S S—— S —
ch(®={ 1 o0st<1 i /\ .
0 otherwise Cool— . . . |

-4 -2 0 2 4
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Continuous-Time System

 Linear, Time-invariant System

signal x(t) < Weighted Impulses If system is LTI
- the order can be changed
x(7) =f x(1) 8(t — 7)dv o
0 y(t) = / x(T)H (0-(t)) dT.

'}

o

Apply the system to the input An LTI system is represented by
conv(input, Impulse Resp.)
y(t) = H(x(t))

— H (/OO X(T)(s,r(t)df) y=xxh.

— 00

: nt 2= (@]}
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Continuous-Time System

 Linear, Time-invariant System
« High energy photon detectors
« Output is superposition of impulse responses

R Input: Photons N Output: Light

: VES Stiil
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4. Complex Numbers
Why do we need complex numbers?
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Complex Numbers

« Complex Calculus and Analysis
— An electrical signal > Amplitude, Frequency, Phase
— A communication signal : series of complex numbers!

Bit Stream Frequency shift keying
1.0 1.0
0.8
» 5 05
5 0.6 E oo
= a
g 0.4 g
0.2 -0.5
0.0 = -1.0

1.0 12 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8
Time [s]

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8

Frequency shift keying Frequency shift keying

Amplitude
Frequency [Hz]
~
w

100 125 150 05 1.0 15 20 25
Time [s]

0 25 50 75
Frequency [Hz]

R

@GHEH otnl

CHUNGNAM NATIONAL UNIVERSITY
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Complex Numbers

A number that describes two number!

REMI LAB

z=x+iy =re'

lmaginary
axis

Z2=x+1y

Real
axls

30
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Complex Numbers
« Complex Conjugate Numbers
— Notation
Z2=TH+1Y<>Z=x— 1Y
— Characteristic = To calculate power of electric field, ...
2Z = % + y2
1
Rez=1x = E(z—l—z)
i (2 2)
mz—=y——(z—2
YT 9
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Complex Numbers

 The Polar Coordinate

Z=x+1y Z=re

Imaginary
axis
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Complex Numbers

* Multiplication and Division in Polar Form

z1 = r1(cos By + isin ;) and zy = r2(cos Oy + i sin 6s)

2129 = r179(cos 0 cos O — sin 0, sin 05)
+ 4(sin 0 cos B + cos 0, sin 6,)

2129 = T1T2 [COS(91 -+ 92) + 2 sin(91 -+ 92)]
1Z12;| = |z4]]2;]

By letting z; = (z,/2,)z,, Division of polar form can be obtained.
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Complex Numbers

« Multiplication and Division in Polar Form

— In summary,
Absolute Value _ 21 |21
(Modulus) |Z1Z2| - ‘Z1||Z2‘ 2| |zl

Argument  arg(z1zo) = argz; + argze arg(z1/z3) = argz; — arg z»

— Examples

S A St
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Complex Numbers

» Roots of Complex number
z=w" & w=z
— Let

z=r(cosf+isind) and w = R(cos¢ + isine)
w" = R"(cosn¢ + isinng) = z = r(cos O + i sin )

« Comparing Absolute value and Arguments,

n n

R" = r, n¢:9+2k7r(¢=2+2k—7r)

REMi LAB 35 gmg S EICH ot



Complex Numbers

» Roots of Complex number
— In shortly,

/7= w(cos

+ 2 s1n

0+ 2kr . 9—|—2k7r)

n

— Andincaseofz=r=1,(argz = 0)

2k 2k
~(‘/I:cos—7r+isin—7T
n n

Y
O -2 L
~ -~ ~ 2 - o
Ve ~ e ~ w ~
/ \ / \ \
f T\\L mz/\ ﬁ/’(\
| |
\ Il x \ i1 x \
\ / \ /
N Y
T
3

w3 <
-

/
rd
-

Fig.327. V1 Fig. 328. V1 Fig. 329. V1
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Complex Numbers

* Functions in a complex plane

w = f(2) = u(z,y) + iv(z,y)
— wis value of f at z.

— z is called a complex variable.
— Assume to be single-valued function

» Circles and Disk in a complex plane |z —a| =p

y v

/// “\\\

,// pg _ A
s s \
L / ,’/ N \
I P |

1 x I !

\ I [
\ \ a / /

\ - y, ¥y

REMI LAB 37 gms S =CHOHT
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Complex Numbers

* Limit and Continuity in Complex Plane

lim f(z) =1

Z—r 2

— A function f(z) is continuous at z = z,,

If £(z,) is defined and 2}1_>an1D f(z) =

REMI LAB

38
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Complex Numbers

 Derivative in Complex Plane

f'(z0) = lim f(z0 + Az) — f(20) ~ lim f(z) — f(20)

Az—0 Az 220 Z— 2

® Differentiability at z,
@ If f(z) is differentiable at z,, then it is also continuous

— Differentiation rules

(cf) =cf'y, (F+9'=f+4d, (f9)=Fg+fd, (—) = fggfg
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Complex Numbers

 Ex 4. Not differentiable!
flz)=z=z—1y

— if Ay = 0 (path )
— if Ax = 0 (path Il)

REMI LAB 40 gms S HCH ot



Complex Numbers

« Expanding some functions into complex domain.

e” or exp z = e”(cosy + isiny)

(A) e = e* forreal z = x because cosy = 1 and siny = 0 when y = 0.
(B) €# is analytic for all z.
(C) The derivative of e? 1s €.

* For z = iy, the Euler formula is obtained

e = cosy+ isiny

REMi LAB a gmg S EICH ot



Complex Numbers

« Real Trigonometric Function to Complex

1T 10

e” =cosx +1sinxr,e "~ =cosT —1isinx

COS z = % (e’iz -+ e_iz)’ sin z = ziz (e’iz . e—’iz)

— Note that Euler’'s formula is valid in complex number z

e”” =cosz-+isinz

_ A St
REMI LAB 42 gm S EILH ot



Complex Numbers

« Complex Hyperbolic Functions and Relationships

cosh z = %(ez — e_z), sinh z = %(ez — e_z)

coshiz = cosz, sinhiz =1sinz

costz = coshz, siniz =1sinhz
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Complex Numbers

« Complex logarithm

w=lnz—e¥ =2

— Settingw = u + ivand z = re®?
0

I

w u—+12v

e’ =e =re’ —-e'=r, v=2~0

Inz=1Inr+ 10
— The arg. of z is determined up to integer multiples of 2m

— Principal value of Inz: Lnz=1Inz+iargz
— Whatis Ini?

REMi LAB a4 gmg S EICH ot



Complex Numbers Inz=Inr+i6

« Ex 1. Principal Value of Complex Natural Logarithm
— In(3—4i) =In5+iarg(3 —4i) =1.61 —0.93 + 2nmi
— Ln(3 — 4i) = 1.61 — 0.93i

O
o)
+
P
S
|
- ——o|— o — 9o — 99—
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Complex Numbers

 Definition of Analyticity (Holomorphic)

Analyticity

A function f(z) 1s said to be analytic in a domain D if f(7) is defined and differentiable
at all points of D. The function f(z) is said to be analytic at a point 7 = 7 in D if
f(z) 1s analytic in a neighborhood of zg.

Also, by an analytic function we mean a function that is analytic in some domain.

: nt 2= (@]}
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Complex Numbers

« Most important equation in this chapter

« Cauchy-Riemann Equation
* |s this function analytic in domain D?

|

|
c
8

Uy = Uy Uy =

Ou _ Ov  Ou _ _ Ov
or Oy’ oy ox

Cauchy—Riemann Equations

Let f(2) = u(x,y) + iv(x, v) be defined and continuous in some neighborhood of a

point 7 = x + iy and differentiable at 7 itself. Then, at that point, the first-order

partial derivatives of u and v exist and satisfy the Cauchy—Riemann equations (1).
Hence, if f(z) is analytic in a domain D, those partial derivatives exist and satisfy

(1) at all points of D.

Ol
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Complex Numbers

 Problem Set 13.4 Q.2

f(z)=izz
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Complex Numbers

* |s logarithm analytic?

In z=Lnz+ 2nm

- Yes, for limited region that z is not O or negative real.

1
Inz) = =
(In2) = —
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Complex Numbers

« General Power of Complex number z = x + iy

Zc _ eclnz,az _ ezlna

* The principal value of z¢ = e¢ln2

« Example 3. General Power it

it = !t — exp(ilni) = e (7/2)F2nm
7¥) 37
]_ .:O ) .: _— ...
(nz +2arg? 5 5 )

: . (@]}
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Complex Numbers

A number that describes two number!

z=x+iy=-

» Addition & Subtraction => Cartesian form
« Multiplication & Division => Polar form (a.k.a. Phasor)

|1

|22

Absolute Value
(Modulus)

|z122| = |21]|22) 2

z2

Argument  arg(z1z2) = argz; + argze arg(z1/z;) = argz; — arg 2s

N 1 (@]}
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Complex Numbers

 Euler's Identity : Rotation in complex plane.

TN 2
eim = (e2) =i2=-1
Imag 4
‘i
1N
i2=-1 1 Real
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Complex Numbers
» Euler's Identity : Derivative Equation. (O] & 2t 4l)

. d . . .
. Con&derae‘t = jelt

Imag 4
(?IX)  (HE)

« Multiplication of | Real
=> Rotation by /2
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Complex Numbers

 Euler's Identity : Taylor Series

VIA _
+1=0

« Substituting ix,

, oo o :],_.:‘2 :153

e =Zﬂ§—l+m+—+§+

. o0 { 1}11 :1.“1 .'I.'3 IFJ
5111:1:_; on 1 1)1 _m—i—l—ﬁ—-“ for all =

o0 {_1]1':5. o EQ I.i

ccrsat—zﬂ {271}!3: ZI—E-I—E—*” for all =
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Complex Numbers

 Euler's |dentity : Taylor Series in Complex Plane
 The series == Vector Addition

exp(if) = 1+ i6 + :

0 =3.1416

REMI LAB




Complex Numbers

A sinusoidal signal
« Amplitude [voltage]
* Phase [degree, radian]
* Frequency [HZz]

1 ~
- T cos(k)

o \\
AN N

I I
2n-3n/2 - -n/2 0 7w/2 Tw 3n/2 2n
-360° -270° -180° -90° 90° 180° 270° 360°

yA

v Y
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Complex Numbers

* The phase ambiguity
* R = [0,27]

Unwrapped Phase for e/2™/8

8
uc') .’.”‘
G 6
o
g 477
Q
v 277
©
<
t = 0.00s 0 5 10 15 20 25 30
Time n

Wrapped Phase for e/2m/8

) Y -
S
S n/2
Z o
A 2
c
o —IT
Ry 0 5 10 15 20 25 30
o Time n

ime S EICH O
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Complex Numbers

* Think about the orthogonality

J sin(kx) - cos(nx)dx =0

yA

o; - T cos(k)
VRIAA
AN N

I I
2n -3n/2 - -n/2 0 7w/2 w 3n/2 27
-360° -270° -180° -90° 90° 180° 270° 360°

NNNNNNNNNNNNNNNNNNNNNNNNNN
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Complex Numbers

 Euler's Identity
» Period : A time to one rotation
* Frequency : The speed of rotation

yit)

Y

t=0.00s

w = 2nf

e/®t = cos wt + j sin wt

S i (@] 3|
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Complex Numbers

» Euler's Identity
« Complex exponential is also orthogonal

e/¥t = cos wt + j sin wt

fejwlt celw2tdt = (07

S Ao S
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Thank you

Department of Radio & Information Communications Engineering
CHUNGNAM NATIONAL UNIVERSITY
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  y = a x + b


  f  ( x + y ) = f  ( x ) + f  ( y )


  f  ( 𝛼 x ) = 𝛼 f  ( x )  


  f  ( x ) =  sin ⁡  x  


  f  ( x ) =  x 2 + 2 x + 9


  f  ( x ) = − 0 . 87 x + 1 . 12


  x  [ t ] → y  [ t ]  


  x  [ t − 𝜏 ] → y  [ t − 𝜏 ]


  x  [ t ]


  y  [ t −  t 0 ]


  w  [ t ]


  y  [ t ]


  x  [ t −  t 0 ]


  y  [ t −  t 0 ] = w  [ t ]


  y  ( t ) =  cos ⁡   ( x  ( t ) )


  y  ( t ) = x  ( t ) ⋅  cos ⁡ t


  𝒚  [ 𝒏 ] = 𝒙  [ 𝒏 ] − 𝒙  [ 𝒏 − 𝟏 ]


  𝒚  [ 𝟎 ] = 𝒙  [ 𝟎 ]


  𝒚  [ 𝟏 ] = 𝒙  [ 𝟏 ] − 𝒙  [ 𝟎 ]


  𝒚  [ 𝟐 ] = 𝒙  [ 𝟐 ] − 𝒙  [ 𝟏 ]


  𝒚  [ 𝟑 ] = 𝒙  [ 𝟑 ] − 𝒙  [ 𝟐 ]


   [    𝒚  [ 𝟎 ]   𝒚  [ 𝟏 ]   𝒚  [ 𝟐 ]   𝒚  [ 𝟑 ]   …   𝒚  [ 𝒏 − 𝟏 ] ] =


   [    𝒙  [ 𝟎 ]   𝒙  [ 𝟏 ]   𝒙  [ 𝟐 ]   𝒙  [ 𝟑 ]   …   𝒙  [ 𝒏 − 𝟏 ] ]


   [                                                                                                            ?                                               ]


  𝑵 × 𝟏


  𝑵 × 𝑵


  𝑵 × 𝟏


  ℋ


   det ⁡   ( A ) ≠ 0


  X =  [    1  2  3   4  5  6   7  8  9 ]


  𝒕


  𝝉


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =    e  − 2 t ⁡  ⋅ u  ( t )  


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =    e  − 2 t ⁡  ⋅ u  ( t )  


  𝜏 < 0


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =    e  − 2 t ⁡  ⋅ u  ( t )  


  0 ≤ 𝜏 < 1


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =    e  − 2 t ⁡  ⋅ u  ( t )  


  𝜏 ≥ 1


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =  {    t − 1  − 1 ≤ t < 0   1  0 ≤ t < 1   0  o t h e r w i s e


  x  ( t ) = R e c t ( t − 0 . 5 )


  h  ( t ) =  {    t − 1  − 1 ≤ t < 0   1  0 ≤ t < 1   0  o t h e r w i s e


  x  ( t )


  z = x + i y = r  e  i 𝜃


  z = x + i y


  z = r  e  i 𝜃


   |  z 1  z 2 | =  |  z 1 |  |  z 2 |


   z 1 =  (  z 1 /  z 2 )  z 2


  z = r = 1 ,    (  arg ⁡ z = 0 )


  w


  z


  f ( z )


  z =  z 0


  f  (  z 0 )


   z 0


  f ( z )  


   z 0


  ∆ y = 0


  ∆ x = 0


  z = i y ,  


  z


  w = u + i v


  z = r  e  i 𝜃


  2 𝜋


   ln ⁡ z


  Ln   z = ln   z + i   arg   z


   ln ⁡ i


   ln ⁡   ( 3 − 4 i ) =  ln ⁡ 5 + i  arg ⁡   ( 3 − 4 i )   = 1 . 61   − 0 . 93 ± 2 n 𝜋 i


   ( 3 − 4 i ) = 1 . 61 − 0 . 93 i


  f  ( z ) = i z  z -


  z = x + i y


   z c =  e  c   Ln   z


   i i


  z = x + i y = r  e  i 𝜃


   e  i 𝜋 =    (  e  i  𝜋 2 ) 2 =  i 2 = − 1


  i


   i 2 = − 1


     d  d t e  i t =   i e  i t


  𝜋 / 2


   e  i 𝜋 + 1 = 0


  i x


  ℝ ⇒  [ 0 , 2 𝜋 ]


   ∫   sin ⁡   ( k x ) ⋅  cos ⁡   ( n x ) d x = 0


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


  𝜔 = 2 𝜋 f  


   e  j 𝜔 t =  cos ⁡  𝜔 t + j  sin ⁡  𝜔 t  


   ∫   e  j  𝜔 1 t ⋅  e  j  𝜔 2 t d t = 0 ?

